First-order general relativity in n dimensions (n ≥ 3) has an internal gauge symmetry that is the higher-dimensional generalization of three-dimensional local translations. We report the extension of this symmetry for n-dimensional f (R) gravity with torsion in the Cartan formalism. The new symmetry arises from the direct application of the converse of Noether's second theorem to the action principle of f (R) gravity with torsion. We show that infinitesimal diffeomorphisms can be written as a linear combination of the new internal gauge symmetry, local Lorentz transformations, and terms proportional to the variational derivatives of the f (R) action. It means that the new internal symmetry together with local Lorentz transformations can be used to describe the full gauge symmetry of f (R) gravity with torsion, and thus diffeomorphisms become a derived symmetry in this setting.
Introduction
Despite the success of general relativity, the interest in theories beyond it, generically known as 'modified gravity' theories has grown substantially in recent decades. In essence, the so-called modified gravity attempts to give an explanation to some cosmological and astrophysical observations that apparently do not fit in the theoretical framework of general relativity or matter fields coupled to general relativity, among them: accelerated expansion of the universe, the rotation curves of particles surrounding galaxies or the dynamics of galaxies in clusters, the large-scale structure of the universe, etc. [1, 2] .
Among the variety of modified gravity theories, one of the most straightforward generalizations of general relativity is f (R) gravity. In such theories, the Lagrangian is proportional to an arbitrary function f (R) of the Ricci scalar R, instead of just being linear in R as in general relativity. There are three versions of f (R) gravity: metric f (R) gravity, Palatini f (R) gravity, and f (R) gravity with torsion. In the first case, the Lagrangian depends on the metric tensor only, because the spacetime connection is the Levi-Civita connection constructed out of the metric [1] . In the second case, it is assumed that the fundamental variables of the theory are the metric tensor and a torsion-free connection (see [3, 2] ). In the third case, the fundamental variables of f (R) gravity with torsion are taken to be either the metric tensor and a metriccompatible connection in the metric-affine formalism [4, 5, 6] , or an orthonormal frame of 1-forms and a metric-compatible connection in the Cartan formalism [7] .
On the other hand, it is well known that f (R) gravity with torsion in the Cartan formalism is by construction invariant under local Lorentz transformations and diffeomorphisms. These symmetries have been adopted for many years as the fundamental symmetries underlying the gravitational theories. Nevertheless, this paradigm has been recently challenged by a series of works showing that different equivalent sets of symmetries, which do not consider diffeomorphisms as fundamental, naturally emerge through the implementation of the converse of Noether's second theorem [8, 9, 10] . For instance, in Ref. [8] the symmetries of the n-dimensional Einstein-Cartan action with a cosmological constant (n ≥ 3) are reformulated in this approach. It is shown there that the full gauge invariance of this action can be described by local Lorentz transformations and an internal gauge symmetry that is the higher-dimensional generalization of three-dimensional (3D) local translations. In this framework, infinitesimal diffeomorphisms are no longer regarded as fundamental but as a derived symmetry. Bearing in mind that the idea of replacing diffeomorphisms with 3D local translations has been useful to attack the problem of quantizing gravity in the 3D setting [11, 12] , and given the advantages of f (R) gravity with torsion in comparison with other models, in the present paper we want to extend the analog of 3D local translations to the case of f (R) gravity with torsion. Furthermore, such internal gauge symmetry, along with local Lorentz transformations, would render f (R) gravity with torsion closer to ordinary gauge theories.
In light of this, here we show that there exist a new internal gauge symmetry for n-dimensional f (R) gravity with torsion in the Cartan formalism, that is the natural extension of the internal gauge symmetry reported in Ref. [8] for n-dimensional general relativity. In the case of n-dimensional general relativity, i.e. f (R) = R − 2Λ, the new internal gauge symmetry collapses off-shell to the symmetry obtained in Ref. [8] . Furthermore, for a general f (R) theory, we find that infinitesimal diffeomorphisms can be written as a linear combination of local Lorentz transformations, plus the new internal gauge symmetry, plus terms proportional to the variational derivatives of the f (R) action. Thus, the new symmetry together with local Lorentz transformations can be taken as a set of fundamental symmetries to capture the full gauge invariance of f (R) theories of gravity with torsion. In this framework, diffeomorphisms are regarded as a derived symmetry. The new symmetry is obtained by applying the converse of Noether's second theorem, which involves the construction of a non-trivial Noether identity. We achieve this by following an approach analogous to that used in Refs. [8, 9, 10] . An interesting property of the new internal gauge symmetry is that it depends explicitly on the spacetime dimension and the particular form of the function f (R), this in contrast to diffeomorphisms and local Lorentz transformations, which take the same structure independently of the form of the action from which they are deduced. Finally, we consider the case f (R) = R n/2 (n ≥ 3) and find, by using the converse of Noether's second theorem, that the corresponding action principle has a new symmetry, namely, the invariance under the rescaling of the frame. This last symmetry shows that the application of the converse of Noether's second theorem on particular models of f (R) gravity with torsion may lead to further symmetries.
Symmetries of four-dimensional (4D) general relativity
We begin this section by recalling some facts concerning the symmetries of 4D general relativity in the Cartan formalism, and then we review the derivation of the internal gauge symmetry obtained in Ref. [8] for this case. This allows us to illustrate the basic idea behind the procedure that we use to uncover the analog of this gauge symmetry for f (R) gravity with torsion.
Let M 4 be a 4D orientable manifold and let SO(4) be its frame rotation group for the Euclidean case (σ = 1) or SO(3, 1) for the Lorentzian one (σ = −1) ‡; in each case, the associated metric is (η IJ ) := diag(σ, 1, 1, 1). In the Cartan formalism, 4D general relativity with cosmological constant Λ is described by the Einstein-Cartan action (or Palatini action) S[e, ω] = M 4 L GR , whose Lagrangian 4-form in terms of the orthonormal frame of 1-forms e I and the spacetime connection ω I J compatible with the metric η IJ , dη IJ − ω K I η KJ − ω K J η IK = 0 (and thus ω IJ = −ω JI ), is given by
Here, R I J = dω I J + ω I K ∧ ω K J is the curvature of ω I J and κ is a constant related to Newton's constant. The totally antisymmetric tensor ǫ IJKL is such that ǫ 0123 = 1 and the frame indices I, J, K, . . . are raised and lowered with the metric η IJ . The variational derivatives of the action defined by Eq. (1) with respect e I and ω IJ are
respectively, where D is the covariant derivative defined by ω I J [13] . Einstein's equations with cosmological constant follow from (2a) and (2b) by setting E I = 0 and E IJ = 0. Notice that if E IJ = 0, then the connection ω I J is torsion-free provided that the frame is nondegenerate. Nevertheless, we point out that throughout this paper the variational derivatives E I and E IJ will be assumed to be nonvanishing in general, since our approach to uncover gauge symmetries is off-shell. Now we turn our attention to the gauge symmetries of the Einstein-Cartan action. The full gauge invariance of the action defined by Eq. (1) can be equivalently described by two different sets of fundamental symmetries. The first set is composed of (infinitesimal) local Lorentz transformations
and (infinitesimal) diffeomorphisms
where the functions τ IJ (= −τ JI ) are gauge parameters and L ξ is the Lie derivative along the vector field ξ, which is the generator of a diffeomorphism. At this point ‡ From here, we use the word 'Lorentz' or 'Lorentzian' for referring to both signatures, the Euclidean and the Lorentzian one.
it is worth recalling that an infinitesimal transformation of the fields depending on arbitrary functions is a gauge symmetry of the action if the corresponding Lagrangian remains quasi-invariant (invariant up to a total derivative) under it. In this regard, the change of the Lagrangian (1) under local Lorentz transformations is δ τ L GR = 0 and under diffeomorphisms is δ ξ L GR = d (ξ L GR ), where ξ L GR is the contraction of the vector field ξ and the 4-form L GR . The second set of symmetries of the Einstein-Cartan action defined by Eq. (1) is composed of (infinitesimal) local Lorentz transformations (3) and the internal gauge symmetry [8] δ ρ e I = Dρ I ,
where we have written the curvature as R I J = (1/2)R I JKL e K ∧ e L and defined the left and right internal duals * R IJKL := (1/2)ǫ IJ MN R MN KL and R * IJKL := (1/2)ǫ KL MN R IJMN , respectively. Also, ρ I is the gauge parameter associated to this transformation. It can be checked that the Lagrangian (1) is quasi-invariant under the symmetry (5), since
The internal gauge symmetry (5) is the particular case for n = 4 of the symmetry found in Ref. [8] for the n-dimensional Einstein-Cartan action, which corresponds to the higher-dimensional generalization of three-dimensional local translations [12, 14] (see [9] for a nice derivation of this symmetry using the converse of Noether's second theorem).
Since the set composed of local Lorentz transformations and the internal gauge symmetry (5) is a "complete set" (see Ref. [15] ), it is possible to write an infinitesimal diffeomorphism acting on both the frame and the connection in terms of the symmetries of this set. As matter of fact, using the Cartan formula L X Q = d(X Q) + X dQ with Q being an arbitrary k-form, we can express Eq. (4) as
where τ IJ := ξ ω IJ and ρ I := ξ e I are the field-dependent gauge parameters. This shows that, in this setting, infinitesimal diffeomorphisms can be regarded as a derived symmetry. The terms proportional to E I and E IJ in (7) are known as "trivial gauge transformations". Let us now show how we can arrive at the internal gauge symmetry (5) by using the converse of Noether's second theorem [16, 17, 18] , which is the fundamental tool that we use throughout this paper to uncover gauge symmetries. The converse of Noether's second theorem states that for every set of m differential relations (Noether identities) among the variational derivatives of an action principle, corresponds a gauge symmetry involving m gauge parameters. This means that we can replace the problem of finding infinitesimal gauge transformations that leave the action quasi-invariant by that of finding Noether identities.
With this in mind, the first step towards finding the internal gauge symmetry (5) is to get the corresponding Noether identity. This is done as follows [8] . Taking the covariant derivative of Eq. (2a) and using the Bianchi identity DR I J = 0, we obtain
Then, expressing the curvature as R I J = (1/2)R I JKL e K ∧ e L and using the fact that 2De I ∧ e J ∧ e K = D(e I ∧ e J ) ∧ e K + e I ∧ D(e J ∧ e K ) − D(e I ∧ e K ) ∧ e J , Eq. (8) acquires the form
Now, Eq. (2b) implies that D e I ∧ e J = −(σ/2)ǫ IJKL E KL , which substituted into Eq. (9) yields
with
where our convention for the antisymmetrizer is A [IJ] := (A IJ − A JI )/2. This is the desired Noether identity. After multiplying Eq. (10) by the gauge parameter ρ I , we arrive at the off-shell identity [8]
From this, appealing to the converse of Noether's second theorem, we read off the internal gauge symmetry (5) from the quantities multiplying E I and E IJ in Eq. (12).
Symmetries of n-dimensional f (R) gravity with torsion
In order to make this paper self-contained, we will begin this section by giving a brief description of n-dimensional f (R) gravity with torsion in the Cartan formalism. We next focus on the main goal of the current paper, namely, to uncover the ndimensional analog of the internal gauge symmetry (5) for f (R) gravity with torsion.
To accomplish this, we will use the approach outlined in the previous section, which heavily relies on the use of the converse of Noether's second theorem. Let M n be an n-dimensional orientable manifold and let SO(n) be the frame rotation group for the Euclidean case (σ = 1) and SO(n − 1, 1) for the Lorentzian one (σ = −1); to each case corresponds the metric (η IJ ) := diag(σ, 1, . . . , 1). In the Cartan formalism, the action that describes f (R) gravity with torsion in n dimensions (n ≥ 3) is given by
Here, f (R) is an arbitrary (real) function of the Ricci scalar R := R IJ IJ with R I J := dω I J + ω I K ∧ ω K J = (1/2)R I JKL e K ∧ e L the curvature of ω I J , which is compatible with the metric η IJ , Dη IJ = dη IJ − ω K I η KJ − ω K J η IK = 0 (and thus ω IJ = −ω JI ), e I is an orthonormal frame of 1-forms, η := (1/n!)ǫ I1...In e I1 ∧ · · · ∧ e In is the volume form, and κ is a constant related to Newton's constant, whose numerical value depends on n. The frame indices I, J, . . . , now run from 0 to n− 1 and are raised and lowered with the metric η IJ , and the totally antisymmetric tensor ǫ I1...In is such that ǫ 0...n−1 = 1.
The variational derivatives of the action defined by the Lagrangian n-form (13) with respect to the frame e I and the connection ω IJ are, respectively:
where f ′ (R) := df (R) dR and '⋆' is the Hodge dual operator:
The equations of motion of the theory correspond to E I = 0 and E IJ = 0, which after some manipulations give rise to 
which for n = 4 collapses to Eq. (1). In the general case, from Eq. (16b) it is seen that a non-linear function f (R) is the source of torsion, and hence the connection is no longer on-shell torsion-free even in vacuum. Furthermore, in contrast to general relativity, for a non-linear f (R) the right-hand side of Eq. (16b) involves second derivatives of the connection. It should also be pointed out that as a result of the assumptions involved in the theories described by Eq. (13), namely arbitrary torsion and vanishing non-metricity Dη IJ = 0, the equation of motion (16b) is different from its analogous counterpart in f (R) gravity in the Palatini formalism, where the assumptions are vanishing torsion and arbitrary non-metricity. Actually, in this last case, the corresponding equation of motion implies vanishing non-metricity only for a linear function f (R) (see Ref. [19] , for instance).
Having introduced f (R) gravity with torsion, we now proceed to study its symmetries. We start by recalling that, by construction, the Lagrangian nform (13) is invariant under local Lorentz transformations (3) and quasi-invariant under infinitesimal diffeomorphisms (4). It is not hard to verify that the change of the Lagrangian n-form (13) under these symmetries is, respectively, δ τ L f (R) = 0 and δ ξ L f (R) = d(ξ L f (R) ). Furthermore, it is well-known that local Lorentz transformations and diffeomorphisms can be used to capture the full gauge freedom of f (R) gravity with torsion.
Let us illustrate how the converse of Noether's second theorem can be used to obtain local Lorentz transformations of the f (R) Lagrangian (13) . Taking the covariant derivative of Eq. (14b), we get
where in the third line we have used the identity
On the other hand, from Eq. (14a) we have
Antisimmetrizing this expression in the indices I, J and inserting the result into Eq. (18), we arrive at the Noether identity
which, after being multiplied by the gauge parameter τ IJ (= −τ JI ) and some algebra, leads to the off-shell identity
Appealing to the converse of Noether's second theorem, local Lorentz transformations (3) emerge from the quantities that multiply each variational derivative in Eq. (22). In addition to local Lorentz transformations and diffeomorphisms, we will show that the Lagrangian n-form (13) possesses a new internal gauge symmetry analogous to that of Eq. (5), and given by
where Y n I JK := 
with the n-dimensional left and right internal duals defined as * R I1...In−2MN :
respectively. To prove this fact, we compute the change of the Lagrangian n-form (13) under the transformation (23), obtaining
This means that the Lagrangian n-form (13) is quasi-invariant, and hence the transformation (23) is a gauge symmetry of the action principle built from (13) .
To uncover the internal gauge symmetry (23) we follow the procedure depicted in section 2, which in this case, involves constructing a Noether identity that relates the covariant derivative of E I with both E I and E IJ . We start by computing the covariant derivative of Eq. (14a), arriving at
where in the first equality we have used the Bianchi identity DR IJ = 0 whereas in the second the fact that
which can be verified by a direct calculation. Then, the remaining task is to write the right-hand side of Eq. (27) in terms of E I and E IJ . This is done as follows. Contracting Eq. (14b) with ǫ IJI3...In , we have f ′ (R)D e I1 ∧ · · · ∧ e In−2 = σ(−1) n−1 2κ ǫ IJI1...In−2 E IJ −Df ′ (R)∧ e I1 ∧ · · · ∧ e In−2 ,(29) which substituted into Eq. (28) yields
Now, from Eqs. (14a) and (14b) we obtain
respectively. So, inserting these two expressions into Eq. (30), we get
The last term in Eq. (32) is rewritten using Eq. (14a) as
and with this result, DE I takes the final form
Substituting Y n K IJ and Z n KL IJ given by Eqs. (24a) and (24b) in Eq. (34), it is straightforward to arrive at the following Noether identity
Multiplying Eq. (35) by the gauge parameter ρ I and after a bit of algebra, we get the off-shell identity
Taking into account the converse of Noether's second theorem, from the quantities multiplying E I and E IJ in Eq. (36) we can read off a new gauge symmetry of the f (R) action, which is precisely that given in Eq. (23). An important remark about the internal gauge symmetry (23) is that it and diffeomorphisms are not independent gauge symmetries. To show this, it is convenient to write Eq. (23) in the following alternative form
where
are the components of the Weyl tensor [13] . Then, using Eq. (37) and the Cartan formula L X Q = d(X Q) + X dQ, we find that infinitesimal diffeomorphisms can be written as 
Conclusion
In this work, we have used the converse of Noether's second theorem to obtain a new internal gauge symmetry for n-dimensional f (R) gravity with torsion in the Cartan formalism that is the extension of the symmetry reported in Ref. [8] for general relativity. The new internal gauge symmetry has the following properties: (ii) In the particular case of general relativity, that is f (R) = R − 2Λ, the new internal gauge symmetry reduces off-shell to that of Ref. [8] , which is the higherdimensional generalization of 3D local translations.
(iii) The transformation of the frame δ ρ e I (see Eq. (23)) involves an extra term as compared with its analog in the case of general relativity. Such a term vanishes when f (R) is a linear function of the Ricci scalar R. (iv) The new internal gauge symmetry and local Lorentz transformations can be considered as a fundamental set of symmetries to describe the full gauge freedom of a general f (R) theory. This follows from the fact that infinitesimal diffeomorphisms can be written in terms of these symmetries. Then, in this framework, the whole gauge symmetry of f (R) gravity with torsion is purely internal and diffeomorphisms are no longer a fundamental symmetry.
As future work, it would be interesting to obtain the finite gauge transformations corresponding to the symmetry (23), since this may have applications in the search for solutions of the field equations of f (R) gravity with torsion. On the other hand, due to its relevant role in the quantization of the theory, it would be desirable to obtain the gauge algebra of the new internal gauge symmetry (for a general f (R) theory with torsion) and local Lorentz transformations. This gauge algebra is expected to be generically open, just as in the case of general relativity [8] . Additionally, it is worth to explore if there exist functions f (R) for which the algebra of the new internal gauge symmetry and local Lorentz transformations closes. Finally, we would like to remark that analyzing particular cases of f (R) theories, or even other theories of gravity beyond general relativity, from the perspective of the converse of Noether's second theorem may be not only interesting, but also fundamental, since the last word about the ultimate nature of gravity has not been said yet, and so, this powerful mathematical tool may help us to get a deeper insight about it.
